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Abstract
A subgraph H of a graph G is isometric if the distance between any pair of vertices in H is
the same as that in G. A subset K of the vertex set of a graph G is (geodesically) convex if
it contains all vertices of every shortest path joining vertices in K . In this paper we investigate
some properties of the isometric subgraphs of an in$nite bridged graph G containing no in$nite
simplices (i.e., complete subgraphs), and in particular of those whose vertex sets are convex in
G. We prove that every $nite set of vertices of G is contained in a $nite isometric subgraph of
G. Several results highlight the important role played by the dominated vertices of G (a vertex
x is dominated by a vertex y if y is adjacent to x and to all neighbors of x). In particular we
show that G is $nite whenever the set D(G) of its dominated vertices is $nite. If, however,
every ray of G contains an in$nite bounded subset, then V (G) is the convex hull of D(G).
From this, we deduce that for every convex set K in G, there is an enumeration (x)¡
 of the
vertices of G−K such that, for every ¡
, x is dominated in the subgraph of G induced by
{x: 6 ¡
} ∪ K . Finally, if, in addition, G is bounded, then every subgraph whose vertex
set is convex in G is a (discrete) deformation retract of G. c© 2002 Elsevier Science B.V. All
rights reserved.
Keywords: In$nite graph; Isometric subgraph; Geodesic convexity; Bridged graph; Constructible
graph; Dominated vertex; Discrete deformation retract; Strong dismantlable graph
1. Introduction
A subgraph H of a graph G is isometric if, for every pair of vertices of H , the
distance between them is the same in H as in G. A graph G is bridged if it contains
no isometric cycle of length greater than three. Bridged graphs have been the subject
of several papers since it was shown, by Soltan and Chepoi [8] and by Farber and
Jamison [4], that these graphs enjoy important convexity properties. In particular, they
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showed that bridged graphs are the graphs in which balls centered on convex sets are
convex. We recall that a set K of vertices of a graph G is (geodesically) convex if it
contains all vertices of every shortest path joining vertices in K .
Our study of isometric subgraphs of in$nite bridged graphs originates in a problem
of Hahn et al. [6], asking whether each $nite subgraph F of a bridged graph G is
contained (as a subgraph) in a $nite induced subgraph H of G which is bridged.
Recently, Chastand et al. [2] answered the question in the aErmative. It then seems
natural, and also important in order to reduce to the $nite case the study of some
problems of convexity in bridged graphs, to ask if such an induced subgraph H of G
can be isometric. In fact, an isometric subgraph H of a bridged graph G has the same
metric properties as G. Being bridged is one of them. Another, which is not the lesser
of them, is that any subset of V (H) which is convex in G is also convex in H .
The existence of such isometric subgraphs is studied in Section 3. This study shows
the importance of dominated vertices in bridged graphs (a vertex x is dominated by
a vertex y in a graph G if y is adjacent to x and to all neighbors of x in G). This
has been already noticed by Anstee and Farber [1] for $nite bridged graphs. In [7] we
show that if a connected bridged graph G contains no in$nite simplices and if each of
its rays contains an in$nite bounded set of vertices, then G always has a dominated
vertex. Therefore most of the results in Section 4, dealing with dominated vertices,
concern bridged graphs which satisfy these properties.
In [7] we prove that a connected bridged graph G satisfying the two preceding prop-
erties is strongly dismantlable, that is, its vertices can be linearly ordered x0; : : : ; x so
that, for each ordinal ¡, there exists a strictly increasing $nite sequence (ij)06j6n
of ordinals such that i0 = , in =  and xij is dominated by xij+1 in the subgraph of G
induced by {x: 6 6 }. More precisely we can say that G is strongly dismant-
lable onto its vertex x. In this paper we generalize this result by showing that if, in
addition, G is bounded, then it is strongly dismantlable onto any of its convex sets.
An equivalent and interesting formulation of this statement is that any convex set of
G is a discrete deformation retract of G, where the concept of discrete deformation
retract is de$ned by analogy with the classic one in algebraic topology by replacing
the interval [0; 1] by a chain of ordinals. To prove the results of this section we use
several results about convex sets and dominated vertices in bridged graphs which were
already proved by Farber [3] and Anstee and Farber [1] for $nite graphs, but without
the use of $niteness.
2. Notation
The graphs we consider are undirected, without loops and multiple edges. A complete
graph will be simply called a simplex. If x ∈ V (G), the set NG(x) :={y ∈ V (G):
{x; y}∈E(G)} is the neighborhood of x in G, and CG(x) is the (connected) component
of G which contains x. For A ⊆ V (G) we denote by G[A] the subgraph of G induced
by A, and we set G − A :=G[V (G)− A].
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A path P = 〈x0; : : : ; xn〉 is a graph with V (P) = {x0; : : : ; xn}, xi = xj if i = j,
and E(P) = {{xi; xi+1}: 0 6 i¡n}. A ray or one-way in5nite path 〈x0; x1; : : :〉 and a
double ray or two-way in5nite path 〈: : : ; x−1; x0; x1; : : :〉 are de$ned similarly. A graph
is rayless if it contains no ray. A path P= 〈x0; : : : ; xn〉 is called an (x0; xn)-path, x0 and
xn are its endpoints, while the other vertices are called its internal vertices, n= |E(P)|
is the length of P. If x and y are two vertices of a path P, then we denote by P[x; y]
the subpath of P whose endpoints are x and y.
The usual distance in a connected graph G between two vertices x and y, that is, the
length of an (x; y)-geodesic (i.e., shortest (x; y)-path) in G, is denoted by dG(x; y). A
subset A of V (G) is bounded (in G) if its diameter diamG(A) :=sup{dG(x; y): x; y ∈ A}
is $nite. The graph G is bounded if V (G) is bounded, i.e., if its diameter diam(G) :=
diamG(V (G)) is $nite. A subgraph H of G is isometric if dH (x; y) = dG(x; y) for all
vertices x and y of H . If x is a vertex of G and r a non-negative integer, the set
BG(x; r) :={y ∈ V (G): dG(x; y) 6 r} is the ball of center x and radius r in G, and
the set SG(x; r) :={y ∈ V (G): dG(x; y)=r} is the sphere of center x and radius r in G.
The smallest integer r such that V (G) ⊆ BG(x; r) for some vertex x is the radius of G.
For a set X of vertices of a graph G we put NG[X ] :=
⋃
x∈X BG(x; 1) and NG(X ) :=
NG[X ] − X . We also de$ne inductively NnG[X ] for every non-negative integer n by
N 0G[X ] :=X and N
n+1
G [X ] :=NG[N
n
G[X ]]. In particular, for x ∈ V (G), NG(x) = NG({x})
and NnG[x] :=N
n
G[{x}] = BG(x; n). Throughout this paper we will use both NG[x] and
BG(x; 1) to denote the (same) set.
The interval IG(x; y) of two vertices x and y of a graph G is the set of vertices
of all (x; y)-geodesics in G. A set A of vertices of a graph G is geodesically convex,
for short convex, if it contains the interval IG(x; y) for all x; y ∈ A. The convex hull
coG(A) of a set A of vertices of a graph G is the smallest convex set of G containing
A. We will recall the fundamental characterization of bridged graphs by convexity.
Lemma 2.1 (Soltan and Chepoi [8, Theorem 3] or Farber and Jamison [4,
Theorem 3.4]). A graph G is bridged if and only if NG[K] is convex for every convex
set K .
In particular, the balls of a bridged graph are convex.
3. Minimal isometric subgraph containing a nite set of vertices
Lemma 3.1 (Farber and Jamison [4, Theorem 6:2]). Let K be a set of vertices of a
bridged graph G that induces a connected subgraph of G. Then K is convex if and
only if NG[x] ∩ K induces a simplex in G for every vertex x ∈ V (G)− K .
Corollary 3.2. Let u and x be two vertices of a bridged graph G such that
dG(u; x) = r + 1 for some non-negative integer r. Then NG(x) ∩ SG(u; r) induces a
simplex in G.
This is an immediate consequence of Lemmas 2.1 and 3.1.
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If x and y are two vertices of a graph G, then we say that x is dominated by y in
G if NG[x] ⊆ NG[y]. We will denote by D(G) the set of all dominated vertices of a
graph G. Note that if x is a dominated vertex of a graph G, then G− x is an isometric
subgraph of G. We will now recall some results about constructible graphs.
Denition 3.3. A graph G is said to be constructible if there is a well-order 6 on
V (G) such that every vertex x which is not the smallest element of (V (G);6) is
dominated by some vertex y = x in the subgraph of G induced by the set
{z∈V (G): z 6 x}. The well-order 6 on V (G), and the enumeration of the vertices of
G induced by 6, will be called a constructing order and a constructing enumeration,
respectively.
Let 6 be a constructing order on the vertex set of a graph G with u as the smallest
element. Then any self-map ! of V (G) such that !(u) = u and, for each vertex x ∈
V (G−u), !(x) is a vertex of G which dominates x in G[{y ∈ V (G): y 6 x}], will be
called a domination map associated with6. Furthermore, because a well-order contains
no in$nite descending chain, for every domination map ! and every x ∈ V (G), there
exits a non-negative integer n such that !n(x) = u.
For diKerent classes of graphs, a useful tool to obtain constructing orders is the
concept of breadth-$rst search (BFS). We recall that a BFS of a given graph G with n
vertices produces an enumeration x1; : : : ; xn of the vertices of G in the following way.
We number with 1 some vertex of G and put it at the head of an empty queue. At
the ith step we number and add at the end of the current queue all still unnumbered
neighbors of the head xi of the queue, then we remove xi.
Denition 3.4. Let G be a connected graph. A well-order 6 on V (G) is called a
BFS-order if there exists a family (Ax)x∈V (G) of subsets of V (G) such that, for every
x ∈ V (G):
(i) x ∈ Ax;
(ii) if x 6 y, then Ax is an initial segment of Ay with respect to the induced order;
(iii) Ax = A(x) ∪ NG(x) where A(x) :={x} if x is the least element of (V (G);6), and
otherwise A(x) :=
⋃
y¡x Ay.
The vertex x will be called the father of each element of Ax −A(x). We will denote
by ", and call father function, the self-map of V (G) such that "(x) is the father of
x, for every x ∈ V (G).
Note that, by (i) and (ii), x ∈ A(x) for every vertex x of G. Further, if G is $nite,
then the queue whose head is x in the BFS is the linearly ordered set ({y ∈ A(x):
x 6 y};6). Also notice that if u is the smallest element of (V (G);6), then, clearly,
for all vertices x and y of G, x 6 y implies dG(u; x) 6 dG(u; y), and dG(u; x)¡
dG(u; y) implies x¡y. In particular, dG(u; x) = dG(u; "(x)) + 1.
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Lemma 3.5 (Polat [7, Lemma 3.6]). There exists a BFS-order on the vertex set of
any connected graph.
Lemma 3.6 (Chastand et al. [2, Theorem 4:4]). A connected graph G is bridged if
and only if any BFS-order on V (G) is a constructing order for which the father
function is an associated domination map.
Example. In order to illustrate the preceding concepts, we will consider the in$nite
graph G de$ned as follows. Let (Rn)n∈N be a family of pairwise disjoint rays with
Rn = 〈xn0 ; xn1 ; : : :〉, and let x be a vertex which belongs to none of these rays. Put
G :=
( ⋃
n∈N
Rn
)
∪

 ⋃
n;p∈N
⋃
06i62
〈xnp+3; xn+12p+i〉

∪

 ⋃
p∈N
〈x; x0p〉

 :
This graph is bridged and contains no in$nite simplices. The sequence (u)¡!2 where
u0 = x, up+1 = x0p for 06p¡!, and u!n+p = x
n
p for 16n¡! and 06p¡!, is a
BFS-enumeration of the vertices of G with "(x0p)=x for 06p¡!, and "(x
n+1
2p+i)=x
n
p+1
for 06n¡!, 06p¡! and 06i 6 2 or 16 i 6 2 according to whether p=0 or
p¿ 0. One can easily check that this enumeration is a constructing enumeration for
which the father function is an associated domination map.
We will say that a ray R in a graph G is partly bounded if some in$nite subset of
V (R) is bounded in G. As a consequence of [7, Lemmas 3:10 and 3:12] we have,
Lemma 3.7. Let G be a bridged graph containing no in5nite simplices and whose
rays are partly bounded; and let 6 be a BFS-order on V (G). Then for each vertex
x of G there exists a vertex y of (G;6) such that x 6 y and which is dominated
by its father.
Theorem 3.8. Let G be a bounded bridged graph without in5nite simplices and con-
taining only 5nitely many dominated vertices. Then G is 5nite.
Proof. Let X be the set of dominated vertices of G, and let 6 be a BFS-order on
V (G) whose smallest element is a vertex u. We will show that SG(u; d) is $nite for
every d with 06 d6 r, where r is such that V (G) =BG(u; r), which will prove that
G is $nite.
Note that, by Corollary 3.2 and the fact that G contains no in$nite simplices, for
every d¡r and every x ∈ SG(u; d+ 1), the set NG(x) ∩ SG(u; d) is $nite.
First consider the case d = r. Suppose that SG(u; r) is in$nite. Since X is $nite,
there exists x ⊆ SG(u; r) such that y ∈ X for every y¿x. By Lemma 3.7, there
exists a dominated vertex y such that x¡y. Hence y ⊆ X , contrary to what precedes.
Therefore SG(u; r) is $nite.
Now assume that SG(u; d) is $nite for some d with 16 d6 r. We will show that
SG(u; d− 1) is also $nite. Suppose that SG(u; d− 1) is in$nite. Since SG(u; d) is $nite
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by assumption, and because, by the preceding remark, NG(x)∩SG(u; d−1) is $nite for
every x ⊆ SG(u; d), and also because X is $nite, there exists x ∈ SG(u; d−1)−X such
that, for every y ∈ SG(u; d − 1) with x 6 y, y ∈ X and NG(x) ∩ SG(u; d) = ∅. Since
every ball of a bridged graph is convex, the subgraph H :=G[BG(u; d−1)] is a bounded
bridged graph. Furthermore, the restriction 6V (H) of 6 to V (H) is a BFS-order on
V (H). Therefore, by Lemma 3.7, there exists a vertex y such that x¡V (H) y and
which is dominated in H . Because NG(x) ∩ SG(u; d) = ∅, y is also dominated in G.
Consequently y ∈ X contrary to the properties of y.
We will say that a graph is interval-5nite if all its intervals are $nite.
Lemma 3.9 (Polat [7, Lemma 4:5]). Any bridged graph containing no in5nite sim-
plices is interval-5nite.
From now on, when we call a graph (geodesically) minimal with some property, we
are referring to the (geodesic) subgraph relation.
Lemma 3.10. Let G be an interval-5nite graph; and X a subset of V (G). Then there
exists a minimal isometric subgraph of G which contains X .
Proof. Let ' be a chain—with respect to the subgraph relation—of isometric subgraphs
of G that contains X . Then H :=
⋂
' is a subgraph of G which contains X . We claim
that it is isometric. Let x and y be two vertices of H . Since every element F of '
is an isometric subgraph of G, IF(x; y) is a non-empty subset of IG(x; y). Therefore,
since IG(x; y) is $nite, the graph H contains an (x; y)-geodesic of G, which proves the
claim. Consequently, the set of isometric subgraphs of G containing X , ordered by the
subgraph relation, is inductive, and so has a minimal element by Zorn Lemma.
Theorem 3.11. Let G be a bridged graph containing no in5nite simplices; and X a
5nite subset of V (G). Then there exists a minimal 5nite isometric (hence bridged)
subgraph H of G such that:
(i) X ⊆ V (H);
(ii) every dominated vertex of H belongs to X ;
(iii) V (H) = coH (X ).
Proof. For some x ∈ X , let r:=maxy∈X dG(x; y). Note that this maximum exists be-
cause the set X is $nite. Since every ball of a bridged graph is convex, coG(X ) ⊆
BG(x; r) because X ⊆ BG(x; r). Therefore the subgraph K :=G[coG(X )] is an isomet-
ric bounded subgraph of G which contains X . This implies in particular that K is
bridged, since it is an isometric subgraph of a bridged graph. Hence, by Lemma 3.9,
K is interval-$nite because G, thus K , contains no in$nite simplices. By Lemma 3.10,
there exists a minimal isometric subgraph H of K which contains X . Suppose that H
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contains a dominated vertex x which does not belong to X . Then H−x is obviously an
isometric (hence bridged) subgraph of H which contains X , contrary to the minimality
of H . Therefore every dominated vertex of H belongs to X . Hence, since X is $nite
and G, and thus H , contains no in$nite simplices, H is $nite by Theorem 3.8. Finally
H = coH (X ) by the minimality of H .
This theorem gives in particular a partial answer to Question 2 of [2] asking if every
$nite subgraph of a bridged graph G is contained (as a subgraph) in a $nite isometric
subgraph of G.
4. Dominated vertices and convex sets
In this section we will need several results of Farber [3] which were originally stated
for $nite graphs, but which were proved without use of $niteness.
Lemma 4.1 (Farber [3, Theorem 1]). Let x be a vertex of a bridged graph G. If G−x
is not bridged; then G − x contains a (minimum length) bridgeless cycle in NG(x).
Lemma 4.2 (Farber [3, Lemma 5]). Let K be a convex set in a bridged graph G; and
X a 5nite subset of NG(K) whose elements are pairwise adjacent. Then the vertices
in X have a common neighbor in K .
This result was proved by Farber for a $nite bridged graph, but only by using the
hypothesis that the set X , and not G, is $nite. Note that this result may not hold if
the set X is in$nite as is shown by the following example. Let X = {xn: n¡!} and
K = {kn: n¡!} be two disjoint countably in$nite sets, and let G be the graph whose
vertex set is X ∪ K and edge set is {{xn; xp}: 0¡n¡p} ∪ {{kn; kp}: 0¡n¡p} ∪
{{xn; kp}: 0¡n 6 p}. G is a bridged graph whose subgraphs induced by X and K
are complete. Hence K is convex in G, and X ⊆ NG[K], but no vertex in K is adjacent
to all vertices in X .
Corollary 4.3. Let u be a vertex of a bridged graph G; and X a 5nite subset of
SG(u; k); for some k ¿ 1; whose elements are pairwise adjacent. Then the vertices in
X have a common neighbor in SG(u; k − 1).
This is an immediate consequence of Lemma 4.2 since, as G is bridged, the ball
BG(u; k − 1) is convex.
A vertex x of a bridged graph G is said to be suppressible if G − x is bridged.
Every dominated vertex x of a bridged graph G is suppressible and G − x is an iso-
metric subgraph of G, which is in general not the case if x is only a suppressible
vertex. From this and Lemma 3.7, we deduce that every bridged graph containing no
in$nite simplices and whose rays are all partly bounded has a suppressible vertex.
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We will also say that a vertex x of a graph G is isometrically suppressible if G − x
is an isometric subgraph of G. In particular every dominated vertex of a graph is
isometrically suppressible, but the converse is not true, even in a bridged graph. In a
bridged graph every isometrically suppressible vertex is then suppressible. The follow-
ing characterization of isometrically suppressible vertices is trivial.
Proposition 4.4. A vertex x of a graph G is isometrically suppressible if and only if
the diameter of G[NG(x)] is at most 2.
Lemma 4.1 and Proposition 4.4 mean that the property of suppressibility and that of
isometric suppressibility are local properties in the sense that:
A vertex x is (isometrically) suppressible in a bridged graph G if and only if it is
(isometrically) suppressible in G[NG(x)].
We recall that an extreme point of a convex space A is an element a of A such that
A − {a} is convex. Obviously a vertex x of a graph G is an extreme point for the
geodesic convexity of G if and only if x is simplicial, i.e., NG(x) induces a simplex
in G.
Theorem 4.5. Let G be an isometrically minimal connected bridged graph which con-
tains a geodesically independent set X (i.e.; x ∈ coG(X − {x}) for every x ∈ X ); and
let x ∈ V (G). Then the following conditions are equivalent:
(i) x ∈ X .
(ii) x is simplicial.
(iii) x is an extreme point for the geodesic convexity in G.
(iv) x is dominated.
(v) x is isometrically suppressible.
Proof. (i)⇒ (ii): x ∈ coG(X −{x}) since X is geodesically independent. Let n be the
smallest integer such that x ∈ Nn+1G [coG(X −{x}]. Then, since Y :=NnG[coG(X −{x}] is
convex because G is bridged, the set NG(x)∩ Y induces a simplex in G. By Corollary
4.11, G[Y ∪ {x}] is an isometric subgraph of G. Hence X is geodesically independent
in G[Y ∪{x}]. By the isometrically minimality of G, this implies that NG(x) ⊆ Y , thus
that x is simplicial.
(ii)⇔ (iii), (ii)⇒ (iv) and (iv)⇒ (v) are obvious.
(v) ⇒ (i) is due to the fact that G is an isometrically minimal $nite connected
bridged graph which contains the set X .
Lemma 4.6. Let G be a connected bridged graph; and K a proper convex subset of
V (G). A vertex x of G is suppressible if it satis5es one of the following properties:
(i) x ∈ NG(K) and NG[x] ⊆ NG[K].
(ii) x is a dominated vertex of G[K] and NG(x) ⊆ NG[K − {x}].
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The part of this result related to condition (i) is exactly Theorem 3 of Farber [3]
which was stated for $nite graphs, but proved without the use of $niteness. The one
related to condition (ii), while not explicitly stated by Anstee and Farber in [1],
was proved (without the use of $niteness) in Case 3 of the proof of their result [1,
Theorem 3:1].
We will now show that this result [1, Theorem 3:1] of Anstee and Farber, whose
proof uses induction on the number of vertices of a $nite bridged graph, can be ex-
tended to certain in$nite bridged graphs. We need a lemma.
Lemma 4.7. Let B be the class of all ordered pairs (G;K) where G is a connected
bridged graph containing no in5nite simplices and whose rays are partly bounded; and
K is a proper convex subset of V (G) such that NG(K)=V (G) and such that no vertex
in V (G−K) is dominated by a vertex in K . Let 4 be the binary relation in B de5ned
by (G′; K ′) 4 (G;K) if and only if G′ is an induced subgraph of G; K ′ = K ∩ V (G′)
is such that G′[K ′] is an isometric subgraph of G and V (G′ − K ′) = V (G − K).
Let (G0; K0) ∈ B; and let B0 be the set of all (G;K) ∈ B such that (G;K) 4
(G0; K0). Then the set B0 ordered by the restriction of the relation 4 is inductive;
and thus has a minimal element.
Proof. The restriction of 4 to B0, that we will still denote by 4, is clearly a partial
order. Let + be a chain in (B0;4). Put H :=
⋂
(G;K)∈+ G and F :=
⋂
(G;K)∈+ K . Then
F is a proper subset of V (H) such that V (H − F) = V (G0 − K0).
Claim 1. F = ∅ and V (H) = NH [F].
Let x ∈ V (H − F) = V (G0 − K0). Then, by Corollary 3.2, NG(x) ∩ K0 induces a
simplex in G0. Since G0 contains no in$nite simplices, this implies that NG0 (x) is $nite.
Hence, since NG(x) ∩ K is a non-empty subset of NG0 (x) ∩ K0 for every (G;K) ∈ +,
this implies that NH (x)∩F=
⋂
(G;K)∈+ NG(x)∩K is non-empty, which proves the claim.
Claim 2. For every pair (x; y) of vertices of a component of H; there is (G;K) ∈ +
such that dH (x; y) = dG′(x; y) for every (G′; K ′) ∈ + with (G′; K ′) 4 (G;K).
This is a consequence of the fact that dH (x; y) is $nite and that, by Lemma 3.9,
IG(x; y) is $nite for every (G;K) ∈ +.
Claim 3. H is a connected induced bridged subgraph of G0; F is convex in H and
H [F] is an isometric subgraph of G0[K0].
H is clearly an induced subgraph of G0. Let x; y ∈ F =
⋂
(G;K)∈+ K . For all
(G;K) ∈ +, every (x; y)-geodesic in G is an (x; y)-geodesic in G0 because G[K] is an
isometric subgraph of G0[K0]. Moreover IG0 (x; y) is $nite by Lemma 3.9. Hence
there is an (x; y)-geodesic in G0 which is contained in G[K] for every (G;K) ∈ +,
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and thus in H [F]. Therefore dH (x; y)=dG0 (x; y). Furthermore, F is convex in H since
IH (x; y) =
⋂
(G;K)∈+ IG(x; y).
Now, let x0; x1∈V (H). By Claim 1, for i=0; 1, there is an x′i ∈ NH (xi)∩F . Therefore,
by what precedes, x0 and x1 belong to the same component of H , which proves that
H is connected.
Finally, let C be a cycle of H . Since V (C) is $nite, and since, by Lemma 3.9,
each graph G such that (G;K) ∈ + is interval-$nite, there exists (G;K) ∈ + such that
dH (x; y)= dG(x; y) for every x; y ∈ V (C). This proves that C is bridged in H since it
is bridged in G. Consequently H is a bridged graph.
Claim 4. H contains no in5nite simplices and every ray of H is partly bounded.
H contains no in$nite simplices since so does G0. Let R be a ray of H . R is a
ray of G0, hence there exists an in$nite A ⊆ V (R) such that diamG0 (A)=: - is $nite.
Let x; y ∈ A. By Claim 1, there exist u ∈ NH (x) ∩ F and v ∈ NH (y) ∩ F . Since
u ∈ NG0 (x) ∩ K0 and v ∈ NG0 (y) ∩ K0, and because K0 is convex in G0 and H [F] is
an isometric subgraph of G0, dH (u; v) = dG0 (u; v)¡dG0 (x; y) + 2 6 - + 2. Therefore
dH (x; y) 6 dH (u; v) + 2¡- + 4. This implies that diamH (A)¡- + 4, thus that R is
partly bounded in H .
Claim 5. No vertex in V (H − F) is dominated by a vertex in F .
Let x ∈ V (H − F). Since NG0 (x) ∩ K0 is $nite and since NG(x) ∩ K ⊆ NG0 (x) ∩ K
for every (G;K) ∈ +, there exists a (G;K) ∈ + such that NH (x) ∩ F = NG(x) ∩ K .
Hence NH (x) = NG(x) because V (H − F) = V (G − K) and H is an induced subgraph
of G. Therefore x cannot be dominated in H by a vertex in F since no vertex in K
dominates x in G.
Theorem 4.8. Let G be a connected bridged graph containing no in5nite simplices
and whose rays are partly bounded; and K a proper convex subset of V (G) satisfying
NG[K] = V (G). Then there is a vertex in V (G)− K which is dominated by a vertex
in K .
Proof. Assume that this is not true. By Lemma 4.7, there exists a minimal counterex-
ample (G;K). The rest of the proof is quite similar to that of Anstee and Farber’s
theorem [1, Theorem 3:5]. We will recall the main steps.
Since (G;K) is a counterexample, |V (G)|¿ 2, and |K |¿ 1 since otherwise every
vertex in V (G−K) would be dominated by the only element of K . Since K is convex,
G[K] is bridged and obviously contains no in$nite simplices and no non-partly bounded
rays. Therefore, by Lemma 3.7, G[K] has a dominated vertex x. Thus K−{x} is convex
in G − x, and G[K − {x}] is bridged (but G − x need not be bridged). Furthermore
G − x obviously contains no in$nite simplices, and by a proof analogous to that of
Claim 4 of Lemma 4.7 we can prove that every ray of G − x is partly bounded. We
consider two cases.
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Case 1: NG[K − {x}] = V (G).
Let u ∈ V (G) − NG[K − {x}]. Then u ∈ V (G) − K since x ∈ NG[K − {x}], and
moreover x is the only vertex in K which is adjacent to u. Let v ∈ NG(u) − {x}. If
v ∈NG(x), then v∈V (G)−K by Lemma 3.1. Therefore v∈NG(v′) for some v′ ∈ K−{x}
since NG[K] = V (G). Due to the convexity of K , dG(x; v′)62. If dG(x; v′) = 1, then
{x; v} must be a chord of the cycle 〈x; u; v; v′; x〉 since u ∈ NG(v′). If dG(x; v′)=2 and if
〈x; w; v′〉 is a geodesic in G[K], then {x; v} must be a chord of the cycle 〈x; u; v; v′; w; x〉
since u ∈ NG(w). Consequently u is dominated by x in G, contrary to the fact that G
is a counterexample.
Case 2: NG[K − {x}] = V (G).
By Lemma 4.6 (ii), G − x is bridged. Since (G;K) is a minimal counterexample,
(G − x; K − {x}) is not a counterexample. Hence there exists a vertex u ∈ V (G − K)
which is dominated in G − x by a vertex v ∈ K − {x}. If x ∈ NG(u) − NG(v), then
〈x; u; v〉 is a geodesic in G contrary to the convexity of K . Therefore u is dominated
in G by v, contrary to the fact that G is a counterexample.
Remark 4.9. [1, Theorem 3:5] is the $nite case of Theorem 4.8. The two hypotheses
‘G contains no in$nite simplices’ and ‘every ray of G is partly bounded’ are essential
since the preceding result may not be true if we relax one of them, as is shown by
the following examples. Let X = {xn: n ∈ Z} and K = {kn: n ∈ Z}, where Z is the set
of all integers, be two countably in$nite disjoint sets.
Example 1. Let G be the graph whose vertex set is X ∪ K and whose edge set is
{{xn; xn+1}: n ∈ Z} ∪ {{kn; kn+1}: n ∈ Z} ∪ {{xn; kp}: n6 p6 n + 1}. Then G is
a connected bridged graph containing no in$nite simplices. K is convex in G with
NG[K] = V (G), but no vertex of G is dominated, hence a fortiori no vertex in X =
V (G − K) is dominated by a vertex in K .
Example 2. Let G′ be the graph whose vertex set is X ∪ K and whose edge set is
{{xn; xp}: n¡p} ∪ {{kn; kp}: n¡p} ∪ {{xn; kp}: n 6 p}. Then G is a connected
bridged graph whose diameter is 2. G[K] is a simplex, hence K is convex in G with
NG[K]=V (G), but no vertex in X =V (G−K) is dominated by a vertex in K , though
each vertex xn is dominated by xp for every p¡n.
With Theorem 4.8 we will be able to prove in particular that for every bridged graph
containing no in$nite simplices and whose rays are all partly bounded, the set D(G)
of all dominated vertices of G spanned V (G), i.e., that V (G) = coG(D(G)). We need
several results.
Lemma 4.10 (Farber and Jamison [4, Lemma 3:3]). Let K be a convex set in a
bridged graph G; x ∈ NG(K) and y ∈ K . Then dG(x; y) = dG[K∪{x}](x; y).
This result can be equivalently restated as follows:
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Corollary 4.11. Let K be a convex set in a bridged graph G; and x ∈ NG(K). Then
G[K ∪ {x}] is an isometric subgraph of G.
Lemma 4.12. Let K be a convex set in a bridged graph G such that NG(K) contains
a component X of G − K . Then G[K ∪ X ] is an isometric subgraph of G.
Proof. Put H :=G[K ∪x]. By Lemma 4.10, it suEces to prove that dH (x; y)=dG(x; y)
for every pair {x; y} of vertices in X . Let P be an (x; y)-geodesic of G. We are done
if V (P) ⊆ X . Otherwise there are u; v ∈ K such that P=P[x; u]∪P[u; v]∪P[v; y] with
V (P)− X ⊆ V (P[u; v]). Since K is convex in G, P[u; v] is a (u; v)-geodesic in G[K].
This proves that P is an (x; y)-geodesic in H .
Lemma 4.13. Let G be a connected graph whose rays are all partly bounded; and
let K be a proper convex subset of V (G). Then; for all vertices u ∈ K and x ∈ K of
G with dG(u; x)=: n¿1; there exist p¿ n and a component X of CG−BG(u;n−1)(x)−
BG(u; p− 1) such that V (X )− K = ∅ and V (X − K) ∩ SG(u; p+ 1) = ∅.
Proof. Assume that the conclusion is not true for some u ∈ K and x ∈ K with
dG(u; x)=: n¿ 1. Construct sequences X0; X1; : : : ; x0; x1; : : : and y0; y1; : : : such that Xi
is a component of G[SG(u; n + i)], xi+1; yi ∈ V (Xi) − K , and the vertices xi+1 and
yi+1 are adjacent. Let x0 :=x= : y0, and let X0 be the component of G[SG(u; n)] which
contains x.
Suppose that X0; : : : ; Xp, x0; : : : ; xp and y0; : : : ; yp have already been constructed. By
assumption, there exists a vertex, say xp+1, of Xp which is adjacent to some vertex,
say yp+1, in SG(u; n+p+1). Let Xp+1 be the component of G[SG(u; n+p+1)] which
contains yp+1.
Finally, let P be an (u; x)-geodesic and, for every i ¿ 0, let Pi be an (yi; xi+1)-path
of Xi. Then P ∪
⋃
i∈N Pi is a ray of G, which is not partly bounded since, for every
k ∈ N, dG(u; V (
⋃
i¿k Pi)) = n+ k.
Proposition 4.14. Let G be a connected bridged graph containing no in5nite simplices
and whose rays are partly bounded; and let K be a proper convex subset of V (G).
Then there exists a vertex in V (G)− K which is dominated.
Proof. Let u ∈ K , and let 6 be a BFS-order on V (G) whose smallest element is
u. Suppose that V (G) = K , and let x ∈ V (G) − K . By Lemma 4.13, there are
p ¿ n :=dG(u; x) and a component X of CG−BG(u;n−1)(x) − BG(u; p − 1) such that
V (X ) − K = ∅ and V (X − K) ∩ SG(u; p + 1) = ∅. Since V (X ) ⊆ SG(u; p), there is a
q6p such that V (X )− NqG[K] = ∅ and V (X ) ⊆ Nq+1G [K].
Put K ′ :=NqG[K]. Let y ∈ V (X ) and let Y be the component of G−K ′ that contains
y. We will show that Y ⊆ NG(K ′). By the de$nition of X , Y ∩ X ⊆ NG(K ′). Then
it is suEcient to prove that, if x ∈ Y , then "(x) ∈ NG[K ′] where "(x) denotes the
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father of x with respect to the BFS-order 6. Let x′ ∈ NG(x) ∩ K ′. Then dG(u; x′) 6
dG(u; x), otherwise x would belong to K ′ since u ∈ K ′ and K ′ is convex. Suppose
that dG(u; x′)¡dG(u; x). Then "(x) and x′ must be adjacent since BG(u; dG(u; x′)) is
convex. Suppose that dG(u; x′) = dG(u; x). We are done if x′ and "(x) are adjacent.
Otherwise, by Corollary 4.3, there is a z ∈ SG(u; dG(u; x)− 1) ∩ NG(x) ∩ NG(x′). Then
z ∈ K , by the convexity of K ′ and the fact that z ∈ IG(u; x′). Therefore "(x) and z are
adjacent by the preceding case.
By Lemma 4.12, H :=G[K ′ ∪ V (Y )] is an isometric subgraph of G. Hence H is a
connected bridged graph without in$nite simplices, whose rays are partly bounded and
such that NH [K ′] = V (H). By Theorem 4.8, there exists a vertex x of H − K ′ which
is dominated in H by a vertex y in K ′. Since NG(x) = NH (x), x is also dominated in
G by y, which proves the result.
Theorem 4.15. Let G be a connected bridged graph containing no in5nite simplices
and whose rays are partly bounded. Then V (G) = coG(D(G)).
Proof. If coG(D(G)) was diKerent from V (G), then, by Proposition 4.14,
D(G) − coG(D(G)) would be non-empty, contrary to the properties of the convex
hull.
Remark 4.16. The preceding result may not be true if one of the two properties ‘G
contains no in$nite simplices’ and ‘every ray of G is partly bounded’ is relaxed, as is
shown by the following examples.
Example 1. A double ray is a bridged graph which contains no in$nite simplices but
no dominated vertices.
Example 2. Hahn et al. [5] constructed an in$nite connected bridged (actually chordal)
graph of diameter two which contains in$nite simplices but no dominated vertices as
one can easily prove.
Corollary 4.17. Let G be a bounded bridged graph containing no in5nite simplices;
x∈V (G) and -x :=maxy∈D(G) dG(x; y). Then V (G)=BG(x; -x). In particular; the radius
of G is at most minx∈V (G)-x.
Proof. The ball BG(x; -x) is convex since G is bridged, and contains D(G) by the
de$nition of -x. Hence BG(x; -x) contains coG(D(G)). Therefore, by Theorem 4.15,
BG(x; -x) = V (G).
Theorem 4.18. Let G be a connected bridged graph containing no in5nite simplices
and whose rays are partly bounded; and let K be a proper convex subset of V (G).
Then; there exists a well-order 6 on V (G) − K such that every x ∈ V (G) − K is
dominated in the subgraph of G induced by the set {y ∈ V (G)− K : x 6 y} ∪ K .
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Proof. Construct an enumeration (x)¡1 of the elements of V (G) − K such that if,
for every ¿ 0, G denotes the subgraph of G induced by the set V (G)−{x: ¡},
then G is an isometric subgraph of G for which x is a dominated vertex. Put
G0 :=G. By Proposition 4.14 there is a dominated vertex in V (G) − K . Let x0 be
such a vertex. Suppose that x has already been constructed for every ¡, for some
¡1. Every dominated vertex is isometrically suppressible. Moreover, by the proof
of Lemma 3.10, the set of isometric subgraphs of G containing K , ordered by the
subgraph relation, is inductive. Therefore, the graph G :=G − x or
⋂
¡ G ac-
cording to whether  =  + 1 or  is a limit ordinal, is an isometric subgraph of
G which contains K . Hence K is a proper convex subset of V (G), and thus, by
Proposition 4.14, there is a vertex in V (G)−K which is dominated in G. Let x be
such a vertex.
This result shows that any convex set K in a connected bridged graph G containing
no in$nite simplices and whose rays are partly bounded, can be obtained by removing
the vertices not in K one after the other in such a way that, at each step, the vertex
which is removed is dominated in the current subgraph. We will see that, in certain
cases, we can obtain stronger results.
We will recall the notion of retract of a graph. If G and H are two graphs, a
map f :V (G) → V (H) is a contraction if f preserves or contracts the edges, i.e.,
if f(x) = f(y) or {f(x); f(y)} ∈ E(H) whenever {x; y} ∈ E(G). Note that the
contractions between two graphs G and F correspond to the non-expansive maps be-
tween the associated metric spaces (V (G); distG) and (V (H); distH ). Graphs and con-
tractions form a category in which the product is what is usually called the strong
product of graphs. A contraction f from G onto an induced subgraph H of G is
a retraction, and H is a retract of G, if its restriction to H is the identity. Ob-
viously any retract of a graph G is an isometric subgraph of G. The converse is
not always true, even if G is a connected bridged graph. For example consider the
graph G consisting of the cycle C = 〈x0; x1; x2; x3; x4; x5; x0〉 with the chords {x0; x2},
{x2; x4}, {x4; x0}, and of another vertex u joined to all vertices of C. This graph G is
bridged and G − u is an isometric subgraph of G, but it is not a retract of G. Note
that V (C) is not convex in G, and that the vertex u is not dominated even if it is
isometrically suppressible. We will show that the converse of the preceding property
holds if the induced subgraph of a particular bridged graph G is not only an iso-
metric subgraph of G, but if its vertex set is convex in G. We will even prove the
stronger result that such a subgraph is a discrete deformation retract in the following
sense.
For an ordinal 
 we denote by P
 the graph whose vertex set is V (P
) = 
+1 and
edge set is E(P
) = {{; + 1}: ¡
}.
If G is a graph, a contraction F :G×P
 → G will be said to be continuous if F is a
continuous function from the product space V (G × P
) into V (G) when the set V (G)
is endowed with the discrete topology, and 
+ 1 with the ‘usual’ topology for which
{(; ]: ¡ 6 
} ∪ {[0; ]:  6 
} is a base. This means that F is continuous if
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and only if, for every x ∈ V (G) and every limit ordinal  6 
, there is a (x)¡
such that (x)6 6  implies F(x; ) = F(x; ).
Denition 4.19. A subgraph H of a graph G is a (discrete) deformation retract of G
if there are a retraction r of G onto H , an ordinal 
, and a continuous contraction
F : G × P
 → G such that:
(i) F(x; 0) = x and F(x; 
) = r(x) for all x ∈ V (G);
(ii) F(x; ) = x for all x ∈ V (H) and 6 
.
Theorem 4.20. Let G be a connected bridged graph containing no in5nite simplices
and whose rays are partly bounded; and let K be a convex set in G such that
V (G) =NpG [K] for some non-negative integer p. Then G[K] is a deformation retract
of G.
Proof. We distinguish two cases.
Case 1: V (G) = NG[K].
Let 
 be the cardinality of V (G) − K . Construct a sequence (G)¡
 of isometric
subgraphs of G containing K , an enumeration (x)¡
 of the vertices of G−K , and a
sequence (y)¡
 of vertices in K such that, x is a vertex of G which is dominated
in G by y, and, for ¿ 0, G = G − {x: ¡}.
Put G0 :=G. Let  ¿ 0. If ¿ 0, suppose that G, x and y have already been
constructed for every ¡, and let G be G − x or
⋂
¡ G according to whether
=+1 or  is a limit ordinal. Any dominated vertex is isometrically suppressible, and
moreover, by the proof of Lemma 3.10, the set of isometric subgraphs of G containing
K , ordered by the subgraph relation, is inductive. Hence in every case the graph G
is an isometric subgraph of G that contains K . Therefore, on the one hand G is a
connected bridged graph which contains no in$nite simplices and whose rays are partly
bounded, and on the other hand K is convex in G. Consequently, by Theorem 4.8,
there is a vertex, say x, in V (G)−K which is dominated in G by a vertex, say y,
in K .
Let r :V (G) → K be such that r(x) = y for all ¡
 and r(z) = z for all
z ∈ K . We claim that r is a retraction of G onto G[K]. Since the restriction of
r to K is the identity, we only have to show that if some vertex x of G is adja-
cent to x for some ¡
, then r(x) and y are adjacent. This is clear if x ∈ K
since x ∈ NG(x) ⊆ NG(y). Suppose that x = x for some  = . Without loss
of generality we can suppose that ¡. Then x ∈ NG(x) ⊆ NG(y) implies
that y ∈ NG(x) ⊆ NG(y). Hence r(x) and r(x) are adjacent. Therefore r is a
retraction.
Now, de$ne F :G × P
 → G by
F(x; ) =
{
x if x ∈ K or x = x with ¿ ;
y if x = x with ¡:
414 N. Polat / Discrete Mathematics 244 (2002) 399–416
F(x; 
) = r(x) for all x ∈ V (G). It remains to prove that F is a continuous
contraction.
Claim 1. F is continuous.
Let 6 
 be a limit ordinal, and x ∈ V (G). If x ∈ K or x=x for some ¿ , then
F(x; )=x=F(x; ) for every 6 . If x=x for some ¡, then F(x; )=y=F(x; )
for every  with  + 16 6 . Therefore F is continuous.
Claim 2. F is a contraction.
Let (x; ) and (x′; ′) be adjacent in G × P
. Without loss of generality, we can
suppose that  6 ′, which implies that  6 ′ 6  + 1. Furthermore x and x′
are adjacent in G. We must show that F(x; ) and F(x′; ′) either coincide or are
adjacent. We are done if x = x′ since F(x; ) and F(x′; ′) belong to the set {x; r(x)}
which induces a simplex in G. We are also done if x or x′ is in K since F(x; )
and F(x′; ′) belong to the set {x; x′; r(x); r(x′)} which, by the de$nition of r, induces
a simplex in G of cardinality at most three. Assume that x = x and x′ = x′ with
 = ′. If ′ 6 min{; ′}, then F(x; ) = x and F(x′; ′) = x′, and thus they are
adjacent. Suppose that min{; ′}¡′. If ¡′, then ¡, and thus F(x; ) = y
and F(x′; ′)=y′ which are adjacent since y ∈ NG′ (x′) ⊆ NG′ (y′). If ′¡ and
¡, then F(x; ) = y and F(x′; ′) = y′ which are adjacent since y′ ∈ NG(x) ⊆
NG(y). If 
′¡ and 6 , then F(x; ) = x and F(x′; ′) = y′ which are adjacent
since x ∈ NG′ (x′) ⊆ NG′ (y′).
Case 2: V (G) = NG[K].
By hypothesis there exists a non-negative integer k such that V (G) = NkG[K] and
V (G) = Nk+1G [K]. By Case 1, for 06 i 6 k since N
i
G[K] is convex in G, there exist
a retract ri of G[Ni+1G [K]] onto G[N
i
G[K]], an ordinal 
i and a continuous contraction
Fi :G[Ni+1G [K]]× P
i → G[NiG[K]] such that:
• Fi(x; 0) = x and Fi(x; 
i) = ri(x) for all x ∈ Ni+1G [K];
• Fi(x; ) = x for all x ∈ NiG[K] and 6 
i.
Then r :=r0 ◦ · · · ◦ rk is clearly a retraction of G onto G[K]. Let 
:=
0 + · · · + 
k
(ordinal sum), and let F : G × P
 → G be such that
F(x; ) =


x if x ∈ K;
F0(x; ) if x ∈ Nk+1G (K) and ¡
0;
Fi(r0(: : : (ri−1(x)) : : :); ) if = 
0 + · · ·+ 
i +  and
x ∈ V (G)− Ni−1G [K] for some i
with 16 i 6 k:
With arguments similar to those used in Case 1, we can easily prove that F is a
continuous contraction.
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Corollary 4.21. Let G be a bounded bridged graph containing no in5nite simplices.
Then every subgraph of G whose vertex set is convex in G is a deformation retract
of G.
This is clear by Theorem 4.20 since if G is bounded, then on the one hand each of
its rays is a fortiori bounded, and on the other hand, for every convex set K , there is
a non-negative integer p such that V (G) = NpG [K].
The proof of Theorem 4.20 implies that if 6 is the well-ordering of the vertices of
G−K induced by the enumeration (x)¡
, then, for each x ∈ V (G)−K , if =¡
0
or  = 
0 + · · · + 
i + , then the sequence x ¡ ri(x)¡ · · ·¡rk(: : : (ri(x)) : : :) =
r(x) ∈ K is such that, for 16 j 6 k, rj−1(: : : (ri(x)) : : :) is dominated by rj(rj−1(: : :
(ri(x)) : : :)) in the subgraph of G induced by the set {x: 6 ¡
}∪K . This brings
us to introduce the following generalization of the concept of strong dismantlability
(see [7]).
Denition 4.22. A graph G is strongly dismantlable onto a subset K of V (G) if there
is a well-order 6 on V (G) − K such that, for every vertex x of G − K , there is a
strictly increasing $nite sequence x = x0¡ · · ·¡xn+1 ∈ K such that, for 0 6 i 6 n,
the vertex xi belongs to V (G) − K and is dominated by xi+1 in the subgraph of G
induced by the set {y ∈ V (G)− K : x6y}.
Then, as we have shown above, the proof of Theorem 4.20 implies the following
result which improves Theorem 4.18.
Theorem 4.23. Let G be a connected bridged graph containing no in5nite simplices
and whose rays are partly bounded; and let K be a convex set in G such that
V (G) = NpG [K] for some non-negative integer p. Then G is strongly dismantlable
onto K .
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